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The equilibrium and stability of oblate field-reversed configurations �FRCs� have been studied in the
Magnetic Reconnection Experiment �M. Yamada et al., Phys. Plasmas 4, 1936 �1997��. In the
absence of a passive stabilization, tilt and shift instabilities often become unstable, with the tilt in
particular limiting the plasma lifetime. The tilt instability can be mitigated by either including a
passive stabilizing conductor, or by forming very oblate plasmas. Large perturbations �n=2 and 3�
may still remain after passive stabilization is applied. These perturbations have the characteristics of
co-interchange modes, which have never been observed, and can lead to the early termination of the
plasma. The co-interchange modes can be minimized through the formation of plasmas with a very
oblate shape, leading to the maximum FRC lifetime. A code has been developed to calculate
equilibria for these plasmas. A rigid-body model explains the improved stability of oblate plasmas
to n=1 tilt modes. Numerical calculations indicate improved stability to n�2 co-interchange modes
for the very oblate plasma shapes. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2360912�

I. INTRODUCTION

The field-reversed configuration1 �FRC� is a toroidal
plasma configuration with toroidal plasma current, but neg-
ligible toroidal field. This configuration has many advanta-
geous features for the core of a fusion power plant, including
intrinsically high �, a simply connected geometry, and a
natural divertor structure.2 The FRC has the further advan-
tage that it can be robustly translated along a guide field,3–5

separating the formation region from the fusion burn
region.2,5 These advantages, however, have been balanced
against great theoretical concerns about the magnetohydro-
dynamic �MHD� stability of these configurations.6–29 The
traditional prolate �axially elongated� FRC is predicted to be
MHD unstable to the n=1 internal tilt instability,6–20 where
the plasma displacement is localized internal to the plasma
boundary �n is the toroidal mode number�. This instability
occurs when the plasma current ring tilts to align its mag-
netic moment to the external magnetic field, and is predicted
to grow on the Alfvén transit time. Although the mode has
not been conclusively identified in experiment,30,32,33 it pre-
sents a potential obstacle in the path toward a FRC reactor.

Concern about these instabilities has motivated recent
theoretical13,14,16 and experimental34–37 studies of FRCs with
a more spherical plasma boundary. These oblate FRCs have
an elongation E�1 �E=ZS /RS, with ZS and RS the separatrix
half-length in the axial direction and separatrix radius, re-
spectively; prolate FRCs typically have E�3–10�. Oblate
configurations are predicted to have different and potentially
advantageous stability properties compared to prolate FRCs.
The tilt mode in these configurations becomes an external
mode, where the plasma boundary moves significantly; the
change in mode character from internal to external allows it

to be stabilized by nearby passive conducting structures. Fur-
ther, these oblate configurations maximize the shortest dis-
tance between the hot plasma core and the cool plasma edge.
The larger major radius of these configurations may further
improve the confinement, if the R2 /�i0 scaling of the particle
confinement time from prolate FRCs38 holds for the oblate
case �R is the major radius and �i0 is the ion-gyroradius in
the external field�.

However, even in the presence of passive stabilization,
these oblate FRCs �and prolate FRCs as well� are predicted
to be unstable to co-interchange modes,23–29 which are n
�2 cousins of the tilt mode.1,16,28 These co-interchange
modes have never been identified and studied in an experi-
ment, and represent a fundamental uncertainty with regard to
the reactor prospects of oblate FRC plasmas.

We have conducted a series of oblate FRC experiments
in the Magnetic Reconnection Experiment �MRX�39 in order
to explore these issues. We have found that without a passive
stabilizer, the plasma develops n=1 tilt or shift modes, de-
pending on the external field configuration. The dangerous
tilt mode was mitigated by two methods: �1� by the installa-
tion of a passive stabilizer, in the form of a hollow conduct-
ing center column, and �2� by forming very oblate plasmas.
The radial shift mode was stabilized by the center column.
Without the center column, the growth of the shift-mode was
limited, apparently by the large magnetic fields on the out-
board side of the device.

Although the stabilizer helped in eliminating n=1
modes, dangerous co-interchange modes with n�2 re-
mained. This represents the first experimental observation of
these instabilities. Forming an extremely oblate plasma leads
to minimal amplitude of these n�2 modes and the maxi-
mum plasma lifetime. Thus, this series of experiments has
demonstrated the importance of both plasma shape and pas-
sive stabilization for optimum oblate FRC performance.a�Present address: Osaka University, Osaka, Japan.
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We have developed a MHD equilibrium code to study
these plasmas. The code solves the Grad-Shafranov equation,
subject to the available constraints. The vacuum vessel is
treated as a perfect flux-conserver in this modeling, allowing
a fast and convenient Green’s-table approach to computing
the equilibria and predicting the diagnostic signals. The cal-
culations have demonstrated the means through which the
plasma shape can be modified and controlled by external
field shaping.

These equilibria have been used to predict the stability
properties of FRCs in MRX. A rigid body stability model is
used to predict the tilt/shift stability of the FRC. This model
predicts that the plasma should be in the tilt unstable regime
when the plasma shape is sufficiently oblate, in approximate
agreement with the measurements. Simulations with the hy-
brid and MHD �HYM� stability code15 indicate a reduction of
the MHD linear growth rate of both radially and axially po-
larized co-interchange modes at large mirror ratio, a result
that is confirmed by a simple analytic model.29 Nonlinear
simulations confirm that the radially polarized instabilities
are largely suppressed by the unique external field configu-
ration of MRX.

The remainder of this paper is organized as follows. A
brief review of relevant stability expectations, based on both
theory and experiment, is given in Sec. II. A detailed descrip-
tion of the experimental apparatus is given in Sec. III. Our
experimental measurements are presented in Sec. IV. The
results of our equilibrium fitting calculations are given in
Sec. V. Stability calculations for the FRC plasmas in MRX
are presented in Sec. VI including both a rigid body model
for the tilt/shift instability and three-dimensional �3D� MHD
simulations using the HYM code. A discussion of our conclu-
sions is presented in Sec. VII. Appendix A presents some
details about the equilibrium fitting algorithm, and Appendix
B illustrates a stability analysis based on local-mode theory.

II. STABILITY EXPECTATIONS FOR OBLATE
FRCs

This section provides a brief introduction to relevant top-
ics in FRC stability. The stability of both the well-studied
prolate FRC and the less-studied oblate FRC is reviewed,
from theoretical and experimental perspectives. The goal of
the review is to introduce the new reader to the issues in
oblate FRC stability, and to relate the properties of oblate
FRCs to their more commonly known prolate cousins. No
claim is made that the review is comprehensive; a thorough
review of prolate FRC stability can be found in Ref. 1.

The theoretical stability studies of these plasmas can
generally be divided into two classes: �1� studies of the n
=1 tilting/shifting instabilities6–20 and �2� studies of local
stability in the n�1 limit.21–29 A few studies have bridged
the gap between these two limits.12,16,17 Note that studies of
ion-ring40 plasmas, which are in many ways similar to oblate
FRCs, have examined the stability of co-interchange
modes,41–43 as well as n=1 tilt stability.44

The n=1 internal tilt mode is the most heavily studied
instability in the prolate FRC literature. The growth rate for
this instability is predicted to scale as �=CVA /ZS, where VA

is the Alfvén speed defined in terms of the separatrix field
and the maximum density, and C is a constant of order unity.
No nonlinear saturation of the internal tilt was found in
MHD or Hall-MHD simulations,12 and only very high toroi-
dal rotation speeds were found to be stabilizing.9,11 This in-
ternal tilt mode is predicted to become stable when the sepa-
ratrix elongation is reduced below one, but an external tilt
then becomes unstable.6,13,14,16 This external tilt may be pre-
ferred compared to the internal version, as it can be more
easily stabilized by nearby conductors.16 Further, the external
tilt should be stabilized for very low elongation �E� �0.5�,
even without a passive stabilizer.14,16 The n=1 radial shifting
instability is expected to become destabilized for
E� �1,14,16 but can also be stabilized by nearby conducting
structures.

Given the intense theoretical interest in the internal tilt in
prolate FRCs, it is interesting to note that there is little ex-
perimental evidence of its existence. Measurements in Field-
Reversed Experiment-C/Large Source Modification �FRX-C/
LSM� indicated a degradation in confinement, which was
correlated with tilt-like magnetic perturbations measured at
the chamber wall.30,31 However, subsequent studies in the
Large-s Experiment32,33 were unable to establish the pres-
ence of the tilt instability. Further, FRCs formed in
theta-pinches1 have been shown to exist for much longer
than an Alfvén transit time.45 The conventional explanation
for this apparent stability was the presence of finite Larmor
radius �FLR� effects.10,46 The parameter s̄ �the approximate
number of ion gyroradii between the plasma edge and the
field null� is defined as

s̄ = �
R0

RS r

RS�i
dr. �1�

Here, Rs is the separatrix radius at the midplane, R0 is the
radius of the field null, and �i is the ion gyroradius. Kinetic
effects are considered to be important is stabilizing the tilt
mode when s̄ /E�0.2–0.5.16,31 Most theta-pinch formed pro-
late FRCs to date have operated in this regime.

More recent theoretical research on prolate FRCs has
indicated that although FLR effects by themselves are ca-
pable of reducing the linear growth rate of the internal tilt,
they are not sufficient to entirely eliminate the instability.17,18

On the other hand, the nonlinear saturation of the n=1 tilt at
finite amplitude has been observed in kinetic regime
simulations.19 Hence, it is as yet unclear if the internal tilt
mode would be a problem in a prolate MHD-regime FRC
reactor. This uncertainty regarding the internal tilt has been a
major motivation for the present oblate FRC studies, where
the external tilt can be stabilized by external conducting
structures.

The second class of extensively studied instabilities are
the n�1 local modes. The stability criterion for n�1 inter-
change instabilities was found in early research:21

�V�/V� + p�/�p� � 0. �2�

In this equation, V is the plasma volume, p is the pressure, �
is the ratio of specific heats, and the primes represent deriva-
tives with respect to poloidal flux �	�. In the FRC context, an
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interchange instability has a displacement normal to the con-

stant 	-surface �X
rB�� ·�� 	, with � a small displacement21�
that is constant along a field line. Profiles that are nominally
stable to these interchange modes have been found, for both
oblate16 and prolate22 FRCs. Further research identified a
class of co-interchange modes,23–29 which are the n�1
equivalent of the tilting/shifting modes.28 These incompress-
ible modes have the dominant displacements localized in the
region of largest curvature �ballooning-like�, and have a
growth rate comparable to the inverse Alfvén transit time.23

The incompressible co-interchange modes are often faster
growing than the interchange mode, which have the stabiliz-
ing effect of compressibility.23,28

The stability of intermediate-n �1�n�8� co-
interchange modes in an oblate FRC was studied in detail by
Belova et al.16 In that study, the co-interchange modes were
broken into two classes, using a naming convention from
Ref. 43 that will also be used in this paper. Axially polarized
co-interchange modes have fluid displacement prominently
in the z direction. The n=1 version of this mode is the tilt
mode. An example of this type of mode is illustrated in Fig.
1�b� for n=2, where the pressure isosurfaces calculated by
the HYM code are plotted. Radially polarized co-interchange
modes have the displacement prominently in the radial
direction.16 The n=1 version of this mode is the radial shift
mode. An example of this type of instability is plotted in Fig.
1�c�, for the n=3 radially polarized co-interchange mode.
The calculations have indicated that both polarizations of
modes could be simultaneously unstable in an oblate FRC.
These co-interchange modes were computed to become more
localized to the field null as the mode number increases,
causing them to be less sensitive to the presence of nearby
conducting structures. Further, FLR stabilization of these
intermediate-n modes was predicted to be inefficient due to
their large growth rate,16 unlike the prolate case.17,18 These
modes typically grew until the configuration was destroyed.
Recent computational studies have demonstrated that the
presence of a nonthermal ion population can stabilize the
co-interchange modes in an oblate FRC.20 Despite this con-
siderable theoretical interest in the co-interchange mode,
they have never previously been experimentally observed.

It is interesting to compare these FRC instabilities to
those of other plasma configurations. The tilt/shift modes are
the direct analogy of the n=1 kink modes in the pure Z
pinch,47,48 where the FRC is “unwound” into a linear con-
figuration and the poloidal field of the FRC becomes the
azimuthal field of the pinch.1,33 The co-interchange modes

are the analogy of higher-n kink modes. Similarly, the FRC
interchange is analogous to the Z-pinch sausage mode.33 Fur-
thermore, the n=1 tilt/shift modes in an FRC have many
similarities to the n=1 tilt/shift modes in a spheromak.7,14

Although two configurations have very different equilibrium
states, the stability to the n=1 modes is largely determined
by the interaction of the toroidal plasma current with the coil
currents producing the external field. Finally, the oblate FRC
tilt/shift and co-interchange modes are very similar to insta-
bilities in ion-ring plasmas.26,41–44

The kink-like co-interchange is not analogous to the to-
kamak external kink, which is driven by gradients in the
toroidal current profile and requires a rational surface be-
tween the plasma boundary and the conducting wall.49 The
helical pitch of the tokamak external kink eigenfunction is
determined by the rational surface in the vacuum region out-
side the plasma; the axially and radially polarized co-
interchange modes in an FRC may be superposed to form a
helical structure, but the modes themselves are independent
eigenfunctions of the ideal MHD equations. In terms of to-
kamak instability, the co-interchange most closely resembles
the tokamak ballooning mode, but without the stabilizing
influences of magnetic shear and good curvature.50

It should be noted that in the present prolate FRC experi-
ments, the n=2 rotational mode31,33,51–54 is the instability
that typically leads to the termination of the discharge, unless
some additional stabilization method is employed.52–54 This
mode causes a rotating elliptical distortion of the plasma
boundary �is radially polarized�, and can destroy the FRC
when the distorted plasma boundary comes in contact with
the confinement chamber.51 Successful stabilization methods
include the use of a quadrapole stabilizing field,52,53 and the
effects of a rotating magnetic field �RMF�.54

The experimental study of oblate FRCs began with the
“nearly spherical” FRCs described in Nakata et al.55,56 These
experiments use the combination of a double-cusp bias field,
a laser produced plasma, and fast rising coils to form the
FRC. The plasma exhibited gross stability to rotational and
tilt modes, which were attributed to field line bending and
FLR effects, respectively.56

The TS-3 device pioneered the process of forming FRCs
via the counter-helicity merging of spheromaks,57 and these
experiments have continued in the up-scale TS-4 device.
These experiments have demonstrated the importance of
two-fluid effects in the relaxation of the plasma to an FRC
state,34,36 and the role of shear flow in stabilizing n=1 tilt
instabilities.35 These experiments utilized a conducting cen-
tral column to stabilize the tilt/shift instability,36 without a
detailed study of its effect on the configuration.

The Swarthmore Spheromak Experiment �SSX� has also
studied nearly oblate FRCs formed by spheromak merging,37

focusing on a novel configuration with large antisymmetric
toroidal fields.58,59 These unique FRCs were confined within
a flux conserver; the aspect ratio of this flux was chosen such
that the FRC would be unstable to tilting. The external tilt
was indeed observed, although the time-scale for the tilt to
develop was significantly longer than the MHD prediction.
This improved stability is thought to be due to the large
viscosity and line-tying in these experiments.60

FIG. 1. �Color online� Examples of numerically computed co-interchange
displacements. The z axis �axial direction� is indicated with an arrow. The
unperturbed pressure isosurface is shown in �a�. The results of n=2 axial
mode are illustrated in �b�, and an n=3 radial mode in �c�.
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Note that the external tilt-instability was indeed ob-
served in the TS-3/4 and SSX oblate FRC experiments, in
contrast to the prolate case in which the internal tilt has not
been conclusively observed. Tilting instabilities have also
been clearly identified in oblate spheromak plasmas, which
as noted above, are closely analogous to the tilt-modes in
oblate FRCs.61–63 These spheromak tilt instabilities have
been controlled through the use of figure-8 coils,63,64 or by
forming the spheromak in a flux conserver with appropriate
aspect ratio.62

III. THE MRX APPARATUS

MRX is a flexible facility for the study of both compact
toroids and the basic physics of magnetic reconnection.65–70

The facility was designed with both types of experiments in
mind, with the physics of magnetic reconnection receiving
the majority of experimental attention. The infrastructure
created for these reconnection science experiments has cre-
ated a firm foundation upon which to build for the present
FRC studies.

The primary flexibility in the MRX device39 for FRC
studies is derived from the three coils sets that contribute to
the external field, as illustrated in Fig. 2�a�. The spheromaks
are formed using an inductive flux-core formation scheme.71

After spheromak formation, the toroidal windings of the
flux-cores �the poloidal field, or “PF” windings� are utilized
to produce a portion of the confining external field. The large

steady state “EF” coils provide additional external field, and
the shaping-field coils �the “SF” windings� are utilized to
control to details of the plasma shape. These different coils
allow us to vary the mirror ratio �MR� of the external field,
defined as

MR =
BZ�R = 0m, Z = 0.55m�

BZ�R = 0m, Z = 0m�
. �3�

FRCs formed in a field with a large mirror ratio tend to be
more oblate �lower elongation�. Plasmas formed in a lower
mirror ratio field tend to be more prolate �larger elongation�,
though the elongation is never greater than �0.6 in the MRX
plasmas generated to date. Note that the actual external field
distribution may be significantly different from that of a
simple mirror field; the mirror ratio is a simple means to
describe the otherwise complicated external field.

MRX utilizes two distinct sets of magnetic probe72 ar-
rays for FRC studies, both of which are illustrated in Fig. 2.
The “90-channel” probe array is a 6�5 array of coil triplets
at fixed toroidal angle, with 4 cm resolution. By scanning
this probe in the radial direction between discharges, it is
possible to develop a two-dimensional picture of the FRC
evolution at this toroidal angle. A second 105-channel probe
array is composed of seven linear probe arrays, each with
five coil triplets spaced by the 8 cm. These seven probes are
inserted at different toroidal angles �approximately equally
distributed in toroidal angle�, but to the same radius. This
array allows us to measure the midplane magnetic perturba-
tions with toroidal mode number up to n=3, for all three
components of the magnetic field; these probes are thus re-
ferred to as “N-probes.”

In addition to the magnetic probe arrays, an array of 16
flux loops external to the vacuum vessel has been con-
structed. These loops provide an important measurement of
the amount of poloidal flux leaking out from the vacuum
vessel. The data from these loops will be important in justi-
fying the flux-conserving vessel model in Appendix A.

The kinetic information collected in MRX has been
more limited. A triple Langmuir probe72 is used to measure
the electron temperature and density as a function of time,
but at a single point. This point was typically near the mag-
netic null of the FRC plasma. Doppler spectroscopy73 was
utilized to measure the temperature of He+1 or Ne+1 along a
chord through the center of the plasma. The light was mea-
sured utilizing a CCD camera, with a single 10–20 s ex-
posure collected per discharge.

We have successfully formed FRC plasmas in deute-
rium, helium, neon, and argon in MRX. This paper will focus
mainly on helium plasmas, where the ion temperature can be
easily measured with spectroscopic techniques. The param-
eters for the FRCs formed in the mirror ratio scans are illus-
trated in Table I. The quantities that require knowledge of the
FRC equilibrium properties �such as the elongation� are de-
rived from the equilibrium fitting, as described in Sec. V and
Appendix A. These plasmas do not satisfy the relationship
s̄ /E�0.2–0.5, and are thus in the MHD regime with regard
to the tilt instability.18,31

FIG. 2. �Color online� Side view �a� and end-on view �b� of the MRX
device.
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IV. MEASUREMENTS OF OBLATE FRC STABILITY IN
MRX

We have conducted systematic studies of the stability
properties of oblate FRCs in MRX. This section begins with
a classification of the instabilities in Sec. IV A, followed by
a description of the evolution of example discharges in Sec.
IV B. The detailed dependence of the magnetic perturbations
on the plasma shape and passive stabilizer is presented in
Sec. IV C, and the impact of the instabilities on the plasma
lifetime is described in Sec. IV D.

A. Magnetic perturbation structures in FRCs in MRX

The toroidally distributed probe array provides informa-
tion about midplane magnetic perturbations with good reso-
lution in both time and space. This information has been
used in conjunction with HYM code simulations to identify
the observed perturbations. These have been identified as n
=1 tilting/shifting, or the higher-order n�2 co-interchange
modes.

The simulated magnetic perturbations at Z=0 are plotted
in Fig. 3�a� for the n=3 radially polarized co-interchange,
and Figs. 3�b� and 3�c� for the n=2 axially polarized co-
interchange �the linear mode structure is shown�. These mag-
netic perturbations are from the same calculations as were
used to compute the distorted pressure isosurfaces in Fig. 1.
For the n=3 radially polarized case in Fig. 3�a�, the plasma
moves radially inward or outward. This causes an alterna-
tively positive then negative perturbed BZ field. There is a
negligible perturbation to BR or BT at the midplane in this
case. The axially polarized co-interchange produces pertur-
bations to BR and BT, as illustrated in Figs. 3�b� and 3�c�.
These perturbations are caused by the axial motion of the

plasma dragging the FRC poloidal field into the midplane.
There is a negligible BZ perturbation in the midplane due to
this mode.

The computed perturbations have properties similar to
the measured perturbation structure in MRX. The measured
midplane magnetic perturbation is expressed as a Fourier se-
ries of the form

B�R,�� = B0�R� + �
n=1

3

�Cn�R�cos�n�� + Sn�R�sin�n��� .

�4�

This expression is fit the N-probe array data at each of the
five radial locations of the probe triplets, yielding the fit co-
efficients B0�R�, Cn�R�, and Sn�R� at five radial locations. We
then radially interpolate these fit coefficients in order to de-
termine the radial dependence of each distinct Fourier mode.
These interpolated Fourier coefficients are then used to cal-
culate the magnetic perturbations at all locations in the mid-
plane.

The distribution of the n=2 midplane BR and BT pertur-
bations are illustrated in Fig. 4. These have striking similar-
ity to those in Figs. 3�b� and 3�c�. There are strong and
global BR perturbations in this example, as in the computa-
tion in Fig. 3�b�. The maximum of the BT perturbation lies
between the BR maxima. Similar observations have been
made for the BZ perturbations, which show great similarities
to the simulation in Fig. 3�a�.

These observations lead to an interpretation of the
N-probe data in terms of the axially and radially polarized
co-interchange modes. The BR perturbation represents the
axially polarized modes, with the BR, n=1 perturbation in-
dicative of the tilt mode.74 The BZ perturbations are repre-
sentative of the radially polarized modes, with the n=1, BZ

perturbation indicative of the radial shift mode.
Note that there are caveats about the above

measurement/computation comparison. The simulated mag-
netic perturbations are for the linear phase of the instability,
while the measurements may be of the nonlinear phase. If
there is residual BT in the FRC, the axial and radial modes
become coupled, leading to a mixture of all field components
at the midplane. Further, the Hall effect, which breaks sym-
metries present in MHD, tends to distort the mode patterns
compared to the MHD structure.12,18 Nevertheless, the

TABLE I. Parameters for the helium FRCs discussed in this paper.

Fill pressure �mTorr� 7–9.7

Density �cm−3� �0.5–2��1014

Ion temperature �eV� �18

BZ,Sep �G� 300–200

Elongation, E 0.65–0.35

s̄ 3–1

s̄ /E 5–2

FIG. 3. �Color� The computed midplane magnetic perturbations for n�1
co-interchange modes. The BZ perturbation for the n=3 radial mode is illus-
trated in �a�, and the BR and BT perturbations for the n=2 axial mode is
shown in �b� and �c�.

FIG. 4. �Color� The measured �a� BR and �b� BT perturbations in MRX, for
n=2.
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present interpretation provides simple intuitive rules for the
interpretation of the magnetics signals, and will be utilized
throughout this paper.

The FRC plasmas in MRX do not display the signs of
fast rotation, as measured by both the magnetic perturbation
rotation and Doppler spectroscopy. We thus infer that any
radially polarized modes we observe are not rotational
modes, but instead the radially polarized co-interchange.

B. Example comparisons of more and less stable
discharges

We have observed that the plasma stability and lifetime
is highly dependent on the presence of the stabilizer and the
plasma shape. Many of these trends, which constitute the
core of our experimental results, are illustrated in Fig. 5. This
figure illustrates the evolution of three discharges: an un-
stable discharge without a center column �black lines and
letters�, an unstable discharge with the center column �red
lines and letters�, and an optimized discharge with the center
conductor �blue lines and letters�. The “pictures” in Figs.
5�a�–5�l� of the plasma evolution were generated by scan-
ning the 90-channel probe through three radial location dur-
ing repeatable merging ��7 discharges are used to make
these figures�. The three frames at the bottom illustrate the
evolution of the poloidal flux, BR n=1, and BR n=2 modes.
Note that the data in Fig. 5�m� show the individual traces
from the many discharges, indicative of the reproducibility,
while that in Figs. 5�n� and 5�o� show only the average evo-
lution. The gray areas correspond to the time before the
merging is finished.

The discharge in Figs. 5�a�–5�d� is a case with small
mirror ratio �MR=2.4�, and without the stabilizing center
column. This discharge develops a large BR, n=1 mode, as
illustrated in the black curve of Fig. 5�n�. We interpret this as
a tilt mode, which begins to grow even before the merging
process is finished. This instability leads to the immediate
termination of the configuration. Note the poor reproducibil-
ity of these plasmas in Fig. 5�m�, due to their inherently
unstable nature. The discharge in Figs. 5�e�–5�h� has a simi-
lar mirror ratio �MR=2.5�, but also has the conducting center
column present. The n=1 mode is stabilized by the center
column in this case, but a large BR, n=2 mode grows imme-
diately after merging is completed �red curve in Fig. 5�o��.
This n=2 mode, which we interpret as the axially polarized
co-interchange, leads to the termination of the configuration.
The discharge in Figs. 5�i�–5�l� is seen to last for consider-
ably longer than the previous two examples. This case has
the center column and a larger mirror ratio of 3.4. The n=1
and 2 modes do not grow after merging is finished, and the
plasma decays without violent instability. This example illus-
trates that both passive stabilization and plasma shape con-
trol play an important role in the formation of improved
stability FRCs. The detailed equilibrium properties of these
discharges will be presented in Sec. V �see Fig. 12 for the
computed equilibria for these discharges�.

The final combination of stabilizing mechanisms, i.e.,
large mirror ratio but no center column, will be discussed
further in Sec. IV D. In this case, the tilt is stabilized by the

strong shaping, but an n=1 shift mode begins to grow. This
shift saturates, apparently due to the strong axial magnetic
field between the shaping coils, and the plasma often reflects
from this high-field region.

FIG. 5. �Color� The time evolution of three discharge sets is illustrated in
�a�–�l�. Colors represent toroidal field, arrow represent poloidal field, and a
few streamlines are shown in green to guide the eye. The horizontal black
line in �e�–�l� indicate the presence of the center column. The bottom section
illustrates �m� the poloidal flux evolution, �n� the BR, n=1 evolution, and �o�
the BR, n=2 evolution. The colors of the traces correspond to the colors of
the letters above. Note the different scales in �n� and �o�. See text for further
details.
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C. The dependence of magnetic perturbations on
external field shape

We have made systematic measurements of the magnetic
perturbation amplitudes as a function of mirror ratio, for
plasmas in different gases. These scans have been done for
plasmas both with and without a center column, yielding a
detailed picture of the factors that determine the magnetic
perturbation amplitudes. These factor are found to be �1� the
presence/absence of the passive stabilizer and �2� the degree
of oblateness of the plasma �controlled by the external field
mirror ratio�.

The magnitude of the BR perturbations are illustrated in
Fig. 6, for a series of helium discharges. The n=1, 2, and 3
perturbations are illustrated; the value plotted is the largest
perturbation after merging is finished, and the error bars rep-
resent the shot-to-shot variation of �7 discharges per point.
The gray area at the bottom of the page illustrates the mini-
mum resolution in the measurement. The open symbols are
for discharges without a center column, and the closed sym-
bols for discharges with the center column present. The per-
turbations are normalized to the value of BZ at the outer
�large-R� plasma boundary immediately after the FRC for-
mation is finished.

The midplane BR perturbations, illustrated in Fig. 6�a�,
show a strong dependence on both the plasma shape and the
presence of the passive stabilizer. For the case without the
center column �open symbols�, the n=1 �tilt� perturbations
increase as the mirror ratio is decreased. This is the expected
result, as the tilt instability is expected to become stronger
when the mirror ratio is small �the plasma is more prolate�.
When the center column is present �closed symbols�, the BR

n=1 perturbation is suppressed, except at low mirror ratio.
This confirms the theoretical expectation that both passive
stabilization and plasma shaping can stabilize the external tilt
mode.14,16 In contrast, the n=2 and 3 �co-interchange� per-
turbations are not significantly changed by the presence of
the center column, as illustrated in Figs. 6�b� and 6�c�. There

is a strong trend toward the reduction of the n=2 amplitude
as the mirror ratio becomes larger, a trend that is present
�more weakly� for n=3 as well.

The n=1 mode is more strongly impacted by the center
column than the other modes due to its broad spatial profile,
as illustrated in Fig. 7. This figure shows the radial profiles
of the BR n=1, 2, and 3 perturbations as a function of radius,
for a set of discharges without the center column. The n=1
structure is clearly much broader than the n=2 and 3 struc-
tures, in keeping with computational predictions.16 This
broader structure allows the mode to interact more strongly
with the center column �center column radius is 10 cm�, and
is thus more susceptible to stabilization.

The BZ perturbations, indicative of radial displacements,
are illustrated in Fig. 8 as a function of the external field
mirror ratio. The graphs show discharges with �closed sym-
bols� and without �open symbols� the center column. For the
n=1 perturbation without the center column, there is a clear
trend of increasing BZ perturbation with increasing mirror
ratio. This is in keeping with the expectations that the radial
shift should become more unstable as the external field mir-
ror ratio becomes larger �plasma becomes more oblate�. The
BZ, n=1 perturbations are significantly reduced by the center

FIG. 6. Magnitude of �a� the n=1, �b� the n=2, and �c� the n=3 perturba-
tions to BR �axially polarized mode� at R=0.215 in the midplane, for helium
discharges. The open symbols are for cases without the center column, and
closed symbols for cases with the center column. Some representative error
bars are shown.

FIG. 7. Radial profiles of the n=1, 2, and 3 BR amplitudes, as a function of
minor radius. This case is for a discharge without a center column; the n
=1 tilt mode has a radially more broad perturbation field than the n=2 and
3 axial modes.

FIG. 8. Magnitude of �a� the n=1, �b� the n=2, and �c� the n=3 perturba-
tions to BZ �corresponding to radially polarized modes� at R=0.535 in the
midplane, for helium discharges. The open symbols are for cases without the
center column, and closed symbols for cases with the center column. Some
representative error bars are shown.
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column. We observe that the n=2 and 3 perturbations are not
significantly effected by the presence of the center column or
the value of the mirror ratio.

We have also examined the BT perturbation amplitude as
a function of mirror ratio. The trends are very similar to
those in Fig. 6. This is as expected for the axial co-
interchange mode, which tends to have coupled BT and BR

perturbations �see discussion in Sec. IV A�.

D. The relationship between perturbation amplitude
and lifetime

Having established the relationship between the mid-
plane magnetic perturbations and the external field configu-
ration, it remains to demonstrate which of these perturbations
is most detrimental to the plasma performance. We do this by
studying the plasma decay time as a function of the different
perturbation amplitudes. These comparisons will demon-
strate that the tilt and axially polarized co-interchange modes
must be avoided to form long-lived FRCs in MRX.

There is a strong correlation between BR perturbations
and the e-folding time of the field reversal �used as an indi-
cation of the plasma lifetime�, as illustrated in Fig. 9. These
are helium discharges, and the plasma decay time has been

normalized to the Alfvén time ��A=ZS /VA�. As before, the
open symbols are for cases without the center column, while
the closed symbols are for cases with the center column
present. There is a clear trend in Fig. 9�a�: when the Br n
=1 �tilt� mode is large, the plasma decay time is short. In this
case, the plasma does not decay axisymmetrically, but is in-
stead terminated by the tilt instability. For BR,n=1 /B0

�0.5–0.6, this correlation is reduced. The points with
BR,n=1 /B0�0.6 are replotted in Figs. 9�b� and 9�c�, with the
x axis corresponding to the normalized n=2 and 3 ampli-
tudes. Again, the trend is of decreasing decay time with in-
creasing BR, n=2 amplitude. The decay-time dependence on
the n=3 perturbation is similar but not as strong. The con-
clusion is as follows: reducing the BR, n=1 �tilt� amplitude is
a necessary but not sufficient condition for a long-lived
plasma; large BR, n=2 and 3 co-interchange modes can re-
duce the plasma decay time even when the n=1 tilt is re-
duced by a combination of plasma shaping and nearby pas-
sive conductors. These trends look almost identical if the BT

perturbation is plotted instead of BR, indicating the coupled
nature of these perturbations. This is the expected trend for
the axially polarized co-interchange mode.

We observe no correlation between the BZ perturbation
amplitude and the plasma decay-time. The normalized decay

FIG. 9. Plasma decay-time normalized to the Alfvén time, plotted against
BR: �a� the n=1, �b� n=2, and �c� n=3 magnetic perturbations, in helium.
The points in �a� with BR /B0�0.6 are not included in �b�. Open symbols are
for cases without the center column, and closed symbols for cases with the
center column.

FIG. 10. Plasma decay time normalized to the Alfvén time, plotted against
�a� the n=1, �b� n=2, and �c� n=3 perturbations to BZ, for helium plasmas.
Open symbols are for cases without the center column, and closed symbols
for cases with the center column.

FIG. 11. �Color online� Time evolution of a discharge with a significant n=1 radial shift. The frames �a�–�e� illustrate the evolution of the shift at the toroidal
angle of the 90-channel probe. A large outward shift of the plasma is visible at t=300 s. The time evolution of the BZ, n=1 and 2 modes is illustrated in �f�,
and the poloidal flux in �g�. Vertical lines indicate the times of the 2D plots. The plasma “bounces” off the high-field region outside the shaping coils; the n=1
shift amplitude decreases before the poloidal flux decays away.
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time of the helium FRCs is plotted in Fig. 10 as a function of
the BZ, n=1, 2, and 3 perturbations. First consider the depen-
dence of the decay time on the n=1 perturbations with the
center column present �closed symbols�. There is no clear
dependence of the decay time on the mode amplitude in this
case. Long- and short-lived discharges occur for both large
and small BZ perturbations. The data without the center col-
umn �open symbols� present the apparent trend of increasing
plasma decay-time with increasing Bz, n=1 amplitude. The
correlation is due to the fact that large BZ, n=1 modes appear
at large mirror ratio without the center column, when the tilt
is suppressed. These modes do not appear to have a detri-
mental effect on the plasma; the longest-lived plasmas occur
at large mirror ratio where the BR perturbations are mini-
mized and the BZ perturbations are often largest. The decay
time is apparently uncorrelated with the n=2 and 3 radially
polarized modes.

It is interesting to consider why the n=1 shift is not
observed to be destructive in the present MRX plasma pa-
rameters and geometry. The two-dimensional evolution of a
series of discharges �without the center conductor� with a
large shift motion is illustrated in Figs. 11�a�–11�e�. These
data show that at the toroidal angle of the 90-channel probe
array, the plasma shifts radially outward. The toroidally dis-
tributed probe array confirms that there is a large n=1 per-
turbation to BZ, with the plasma shifted out at the toroidal
angle of the 90-channel probe. The BZ, n=1 and 2 ampli-
tudes are illustrated as a function of time in Fig. 11�f�, and
the poloidal flux evolution in Fig. 11�g�. We observe that the
n=1 motion has a peak, after which the plasma appears to
“bounce” away from the high-field region outside the SF
coils. The n=1 amplitude decreases more quickly than the
poloidal flux, as the plasma shifts back toward a more cen-
tered location. The lifetime of the plasma is not appreciably
reduced by this shifting motion. Note that these large shift
motions do not occur when the center conductor is present.

V. EQUILIBRIUM RECONSTRUCTION OF OBLATE
FRCS IN MRX

In order to facilitate understanding of the stability prop-
erties of the FRC, it is necessary to know the detailed struc-
ture of the external field, plasma shape and current distribu-
tion. Our magnetics measurements are restricted to the
midplane for the N-probe array, or to only Z= ±10 cm and
fixed single toroidal angle for the 90-channel probe. Hence,
while these diagnostics are extremely useful, neither can pro-
vide a complete description of the equilibrium from mea-
surements only.

We have developed the MRXFIT code to overcome this
problem.75 This code uses an iterative technique to solve the
Grad-Shafranov �G-S� equation:49

j� = 2�R
dp

d	
+ 2�

0

R
F

dF

d	
, �5�

in MRX geometry, subject to all available magnetic con-
straints. Here, p�	� is the pressure profile, which is a func-
tion of the poloidal flux, 	, defined as

	�R,Z� = 2��
0

R�
R�BZ�R�,Z�dR�. �6�

The poloidal current stream function F�	� is given by

F�	� =
RBT

o
. �7�

The final output of the computation includes the pressure and
FF� profiles, which can be used to calculate the toroidal
current profile from �5�. This is a common MHD equilibrium
analysis technique in tokamak,76–79 reversed field pinch,75

and spheromak80,81 research. Note that computational studies
of FRC equilibria have been performed,82–86 but not under
the explicit constraint of measurements as described here; the
most similar previous equilibrium studies are those in Refs.
84 and 85. The details of the fitting procedure are contained
in Appendix A; only the results of the calculation are pre-
sented here.

The equilibria for the three different discharges in Fig. 5
are illustrated in Figs. 12�a�–12�c�. The case in Fig. 14�a� is
for discharge without a center column, and the plasma has a
traditional oblate FRC equilibrium. The external field mirror
ratio in this case is 2.4, and the plasma elongation is E
=0.48. As noted previously, this set of discharges developed

FIG. 12. �Color online� Three example equilibria computed with the MRXFIT

code. These equilibria are for the plasmas whose evolution is illustrated in
Fig. 5. The case in �a� has an external field mirror ratio of 2.4, but no center
column. The case in �b� is limited on the inboard side by the center column.
The case in �c� displays the result when the shaping-field coils are used to
pull the plasma out, leading to a plasma with a very oblate shape.
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a large tilt mode, and thus the equilibrium fit should be
treated with caution. The equilibrium in Fig. 12�b� is limited
on the center column; the mirror ratio �MR=2.5� and elon-
gation �E=0.47� are similar to the previous case. The equi-
librium in Fig. 14�c� has an external field mirror ratio of 3.4,
yielding a plasma with much smaller elongation �E=0.36�.
This case displays the strong shaping effect of the shaping
coils, which pull the plasma outward. X-points form between
the plasma and the shaping coils, and for sufficiently large
mirror ratio, these X-points define the plasma boundary. Note
the region of good curvature and large field strength outside
separatrix and between the shaping coils. It is this region that
is postulated to prevent the shift mode from terminating the
plasma, as discussed in relation to Fig. 11.

We have computed the equilibria for the set of helium
discharges discussed in Sec. IV. The shape parameters for
these discharges are illustrated in Fig. 13, where the param-
eters are defined as:87

a = �Ro − Ri�/2, �8a�

R0 = �Ro + Ri�/2, �8b�

� = Zt/a , �8c�

� = �R0 − Rt�/a , �8d�

E = �Ro − Ri�/ZS. �8e�

Here, Ri and Ro are the inner and outer radial coordinates,
respectively, of the plasma boundary at Z=0, and Rt and Zt

are the coordinates of the point with the maximum value of Z
on the plasma boundary. Note that the standard FRC defini-
tion of elongation �8e� has been modified to account for the
fact that these FRC may be limited on the center column.

This FRC definition of elongation �E� is half the value of the
definition ��� commonly used in tokamak research.

The data in Fig. 13 indicate that the plasma shape de-
pends strongly on the mirror ratio of the external field. The
minor radius of the plasma tends to be largest when the mir-
ror ratio is smaller, and the aspect ratio is smallest at small
mirror ratio. Note that at low mirror ratio, the aspect ratio is
consistently smaller without the center column, which limits
the plasma when it is present. For large mirror ratio, the
plasma is no longer limited by the center column, and the
aspect ratio is similar for the two different configurations.
The plasma elongation shows a decrease as the mirror ratio is
decreased, as does the triangularity. Note that these specific
trends are determined by the coil locations in MRX, and do
not represent a generic dependence of FRC shape on mirror
ratio. Large nonaxisymmetries are typically present for
plasma with MR� �2.8; the equilibrium parameters in
these cases should be considered as a good approximation,
but not an exact fit. Note that large-mirror-ratio configura-
tions have negative triangularity, which is a novel shape for
an FRC. These configurations ���0� show the optimum
confinement within the database of MRX discharges.

VI. OBLATE FRC STABILITY ANALYSIS

In order to understand the experimental stability results
presented in Sec. IV, we have utilized two separate tech-
niques. The first is a rigid-body model for tilting/shifting
instabilities,14 used to provide some intuition regarding n
=1 modes. The second technique is the use of MHD calcu-
lations with the 3D HYM code.15 These stability analyses will
be discussed in this section. Note that both analysis methods
rely on equilibria computed with the MRXFIT code.

A. Rigid-body model

We have applied the rigid-body model by Ji et al.14 to
the MRX plasmas, in order to assess how the external field
shaping impacts the stability to n=1 tilt/shift instabilities.
This simple model is limited from three perspectives: �1� it
assumes rigid-body-like perturbations to the plasma �not the
true eigenfunction�, �2� it can only approximately account for
the stabilizing effect of the center column, and �3� it does not
include stabilizing effects such as line tying, compressibility,
and viscosity.60 Nevertheless, the model has the advantage of
providing simple physical insight into the nature of FRC
global modes.

In this model, the plasma current is broken into a series
of rigid current rings which are modeled to tilt or shift in
unison with each other. The torque on the plasma is due to
the J�B force between the tilting plasma current rings and
the equilibrium field. The torque on the ith current ring due
to a small tilt �X is given by

NX,equilibrium,i = �X�R2IiBZ,i�1 − ndecay,i� , �9�

where Ii is the current in the ith current ring, and ndecay is
given by

FIG. 13. Plasma shape parameters as derived from the MRXFIT code, The
different frames show �a� the minor radius �a�, �b� the aspect ratio �R0 /a�,
�c� the elongation ���, and �d� the triangularity ���. These geometric quan-
tities are defined in Eq. �11�. Open/closed symbols correspond to discharges
without/with the center column.
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ndecay = −
R

BZ
	 �BZ

�R
−

Z

R2

�

�R
�2RBR + ZBZ�
 . �10�

The total torque acting on the plasma is then given by

NMHD = �X�
i=1

Nf

�R2IiBZ,i�1 − ndecay,i� . �11�

Here, Nf is the number of current filaments making up the
plasma current distribution. This torque can act to restore the
plasma to its equilibrium position if ndecay�1, or reinforce
the tilt-instability if ndecay�1. A small correction to this
torque for n=1 eddy currents in the center column is applied
by modeling an n=1 eddy current pattern in the center col-
umn using the formulation of Jardin and Christensen.64

The growth rate for the tilt instability can then be calcu-
lated by solving the equation for the tilt angle:

IX�̈X = NX, �12�

yielding the solution

�X�t� = �X,0e�t �13�

with

�tilt =� 1

IX
�
i=1

Nf

�R2�IiBZ,i��1 − ndecay,i� . �14�

Here, IX is the moment of inertia of the plasma, and is given
approximately by treating the plasma as a ring with major
and minor radii R0 and a, respectively, with Mp the total
plasma mass:74

IX =
Mp

2
	R0

2 +
5

4
a2
 . �15�

A similar derivation leads to the growth rate for radial
shifting motion. A plasma that undergoes a small shift � will
experience a force given by

F = − ���
i

�BZ

�R
RiIi. �16�

The small shift will be increased or reduced depending on
the sign of F. For F�0, the growth rate of the radial shift
mode is given by

�shift =��F�
Mp

. �17�

The results from these calculation are illustrated in Fig.
16, for the database of helium discharges discussed previ-
ously. The tilting torque, normalized to the small displace-
ment �X, is illustrated in Fig. 14�a�. Note that the torque is
positive for mirror ratios �2.5, implying instability to the tilt
in this regime. The data in Fig. 6�a� illustrate that MR�2.5
is exactly the regime where large and deadly tilt instabilities
occur. For MR�2.5, the measured BR, n=1 amplitudes left
over after merging do not grow. Hence, the data and calcu-
lation confirm that the very oblate MRX plasmas are indeed
in the regime where the tilt mode is stabilized by the equi-
librium field alone. The shifting force �Fig. 14�c��, normal-
ized to the displacement �, also shows a decrease as the
mirror ratio increases. The measured plasma density and cal-
culated plasma volume �hence, the total plasma mass� both
decrease with increasing mirror ratio, so that the shifting
growth rate, in physical units, is approximately constant with
respect to mirror ratio �Fig. 14�d��. When normalized to the
Alfvén time, the shifting growth rate decreases from 1 to 0.3
over the range of mirror ratio displayed in the figure. Note
that this model describes the linear stability of the rigid-shift
mode and only partially captures the shifting behavior in

FIG. 14. Parameters from the rigid-body model for tilting/shifting. The tilt-
ing torque and shifting force are illustrated in �a� and �b�, while the tilt and
shift growth rates are illustrated in �c� and �d�. Open/closed symbols are for
cases without/with central conductor.

FIG. 15. The five separatrix shapes used in the HYM calculations. The mirror
ratio varies from 2.3 to 4 among these shapes. All plasmas are limited by the
center column, which is modeled as a perfectly conducting boundary in the
simulation.
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MRX: the shifting is observed, but it does not grow to the
eventual destruction of the configuration.

The rigid-body model14 also can incorporate the effects
of toroidal rotation on the n=1 tilt mode. As noted in Sec.
IV A, we do not observe strong toroidal rotation in these
plasmas, and so have not included this effect in the model.
Hence, the dominant stabilizing effect is the strong shaping
of the equilibrium field.

There is a third possible rigid-body instability, known as
the axial shift,14 vertical mode, or “roman candle”
instability.1 The strong equilibrium field shaping from the PF
windings in the flux-cores generally prevents this instability
from being a problem in oblate FRCs in MRX.

B. Stability studies using the HYM code

The equilibria calculated with MRXFIT have been inter-
faced to the HYM code, providing the initial configuration for
stability analyses of these plasmas. The goal of the studies
was to �1� determine how the external field and plasma shape
impact the linear stability of the FRCs in MRX, and �2�
study the possible nonlinear saturation of the radially polar-
ized instabilities.

The linear stability calculation was done for five equilib-
rium shapes that span the range elongations 0.3�E�0.5 and
mirror ratio 2.4�MR�4, as illustrated in Fig. 15. The MHD
linear growth rate for n=1–4 radially and axially polarized
modes was computed, starting with an initial axisymmetric
equilibrium configuration with an imposed nonaxisymmetric
initial perturbation. The simulation region in the axial direc-

tion extends between the MRX flux cores ��z��40 cm�, and
radially up to R=72 cm, thus including the location and ef-
fects of the SF coils. Note that the center column is present
in all cases, and its effects are included in the HYM calcula-
tions.

The computed linear growth rates of axially and radially
polarized modes with 1�n�4 are illustrated in Fig. 16. The
growth rate increases as n increases, as expected in the MHD
regime.16,21,28 More importantly, the growth rate of each
mode decreases as the elongation is decreased �mirror ratio is
increased�. Note that tilting �the n=1 axially polarized mode�
is stable in the accurate linear MHD calculation in all of
these cases with a center column. No absolute stability is
found in these MHD calculations, due to the everywhere bad
curvature of the magnetic field lines.24

A separate set of linearized MHD simulations has been
performed in order to study the effects of the central conduc-
tor on stability and properties of the n=1 tilt mode. It was
found that the central conductor reduces growth rates of low-
n MHD modes �n�2�, but does not provide complete stabi-
lization for these modes. The n=1 tilt mode has been found
to be marginally unstable for MRX-FRC with elongation E
=0.5 �mirror ratio MR=2.4� without the center column, and
it was linearly stable for all more oblate configurations �E
�0.5�. More accurate comparison of the n=1 tilt instability
threshold with experimental results �Fig. 6� is complicated
by the difficulties of equilibrium reconstruction and poor re-
producibility for strongly unstable discharges with small mir-
ror ratio �larger E�, as well as approximations made in the

FIG. 16. The growth rate of the axially �a� and radially �b� polarized co-
interchange instabilities, as a function of toroidal mode number �n�, for the
configurations in Fig. 15.

FIG. 17. �Color online� Time evolution plots from nonlinear HYM simula-
tions: �a� Normalized axial shift of the magnetic axis dZ /ZS �red� and rela-
tive radial displacement of plasma boundary at the midplane dR /Rb �blue�.
The dashed line shows value of radial velocity �20*VR /VA� at the plasma
boundary. �b� The magnetic energy for n=1–4 modes normalized to the
total magnetic field energy. Field reversal is lost at t�13�A.
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HYM simulations �simulations do not include the merging
phase of the experiment, and only the region between the
flux cores is simulated�.

The MRXFIT calculated equilibria have also been used for
3D nonlinear MHD simulations, which have been performed
neglecting the center-column effects �Fig. 17�. A low mirror-
ratio case was simulated, and a large n=1 initial perturbation
was applied in order to model the strong n=1 distortion
present in the merging phase of this experiment. In these
simulations, the n=2 mode was the dominant mode in the
initial phase of simulations �compared to other n�1 modes�,
and its amplitude grew comparable to the n=1 mode ampli-
tude by t�7�A ��A=ZS /VA�, as shown in Fig. 17�b�. The
configuration was strongly distorted �not axisymmetric and
no field reversal� by t�13�A, and after this time the growth
of all modes slowed down. At t�13�A, all low-n modes �n
=1–3� had comparable amplitudes �BR /B0�0.1–0.3 and
�BZ /B0�0.2. Nonlinear simulations for more oblate cases
�mirror ratio of 4� show longer lifetimes up to t�20�A, even
without the center-column stabilization.

In all nonlinear runs, the growth of the radially polarized
modes was observed, including the n=1 shift mode and other
low-n �n�2� modes. However, the outward radial displace-
ment associated with these modes was relatively small �Fig.
19�a��; the plasma remained radially confined inside radius
R�RSF, where RSF is the shaping coil radius. Figure 17�a�
shows time evolution of axial displacement of the magnetic
null from the midplane �Z /Zs �red curve�, and the relative
shift of the plasma boundary �R /Rb �blue curve�, plotted at
toroidal angles corresponding to the maximum amplitude
axial and radial perturbations, respectively. While the axial
shift grows exponentially to values of order of one, the out-
ward radial motion of plasma boundary is limited to small
values below 0.1. Figure 17�a� shows time evolution of
plasma radial velocity VR /VA close to the edge at the mid-
plane �dashed line, scaled by factor of 20�. The observed
oscillatory behavior of VR�t� results in a small net radial
perturbation of plasma boundary. Analysis of magnetic field
perturbation shows that this nonlinear effect is related to
compression of the magnetic field lines between the plasma
boundary and the SF coils, which prevents further growth of
plasma radial displacement. This agrees with experimental
observations of plasma radial shift mode �Fig. 11�, which
“bounces” off the high-field region outside the SF coils.
However, the nonlinear simulations without the central con-
ductor do not show complete nonlinear stabilization of radial
n=1–2 modes. These modes continue to grow inward, re-
sulting in plasma implosion to r=0. In the experiments, the
center column �not included in the nonlinear HYM simula-
tions� may limit the growth of these modes at small R, re-
sulting in stabilization of the radial co-interchange modes.

We can use these results to estimate the toroidal mode
number where FLR effects become important. The condition
for finite Larmor radius effect to be important is given by
���*, where � is the MHD growth rate and �* is the dia-
magnetic drift frequency given by

�* = kvD =
Tk

eBLP
. �18�

We utilize the fact that for �=1, vth,i=Va, and utilize the
definition of the gyroradius �i=mivth,i /eB to write the dia-
magnetic drift frequency as

�* = kvD =
n�iVA

2R0LP
. �19�

The MHD growth rate is �=CVA /ERS, where C is an order-
unity constant to be determined from, for instance, Fig. 16.
These expressions can be combined to yield an expression
for the n beyond which FLR effect are dominant �utilizing
RS=1.44R0 and LP as the distance between the field null and
the separatrix�:

n �  2

1.44
�C

s̄

E
. �20�

For MRX helium parameters, with C=1 and s̄ /E�3,
this expression yields n�4. Hence, in MRX, the n=1 and 2
instabilities are MHD-like, while modes with n�3–4 may
begin to display the effects of FLR stabilization.

VII. DISCUSSION AND SUMMARY OF THESE RESULTS

The results presented in this paper present a systematic
study of oblate FRC equilibrium and stability, with many
comparisons to theoretical and computational expectations.
Many of the most significant observations are itemized be-
low.

�1� The n=2 and 3 axially polarized co-interchange modes
were experimentally identified and shown to be detri-
mental to FRC performance, even when the tilt was
largely stabilized. Although predicted to be MHD un-
stable, these modes have never previously been identi-
fied in an FRC. Kinetic effects in prolate FRCs have
probably prevented these modes from being observed;
the weaker kinetic effects in the oblate FRC allow these
modes to grow more easily. These n=2 and 3 axial
modes were not strongly affected by the presence of the
center conductor, but did respond to the plasma shape.
Extremely oblate plasmas had a minimum amplitude of
these modes, and the longest lifetime.

�2� As expected,14,16 the combination of a passive stabilizer
and oblate shape leads to the reduction of n=1 tilt/shift
modes. Note that both shaping and the stabilizer were
capable of mitigating the deleterious effects of the tilt
mode. The elimination of this tilt mode was an impor-
tant step for extending the lifetime of the FRC, but was
not by itself sufficient to prevent rapid destruction of the
configuration. A tilt stability boundary at MR=2.5 was
predicted based on a rigid-body model, and was found to
be in approximate agreement with the measurements in
the absence of the center column. Note that neither of
these techniques is likely to help eliminate the internal
tilt of the prolate FRC.

�3� We have observed the signature of the n=1 radial shift
mode in the case where there is no center column
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present. Interestingly, this mode does not appear to
cause a loss of equilibrium and confinement, unlike the
n=1 tilt. This is most likely because the plasma torus is
reflected from the strong field in the region outside shap-
ing coils.

�4� Further verification is shown that spheromak merging is
a viable method for forming FRC plasmas. This tech-
nique has been now been verified for spheromaks
formed by plasma guns �TS-388 and SSX37�, Z-� dis-
charges �TS-334�, and flux-cores �TS-436 and MRX�. The
merging process has been stabilized with a conducting
center column �TS-3/4 and MRX�, a flux-conserver
�SSX�, and merging has been demonstrated with no sta-
bilization at all �MRX,89 and this paper�. There now ex-
ists a large variety of FRC formation techniques. For the
prolate case, the theta-pinch,1 RMF,90 and co-axial slow-
source �CSS� technique,91 have demonstrated FRC for-
mation. Oblate FRCs have been formed by spheromak
merging and the bias field/laser plasma/fast coil combi-
nation of Nakata et al.,55,56 and it is likely that transla-
tion of a theta-pinch formed FRC into an oblate confine-
ment chamber would work as well.92

�5� The MHD equilibrium was studied for plasmas with dif-
ferent external field shapes. It was found that as the mir-
ror ratio was increased �leading to longer lifetime�, the
minor radius, elongation, and triangularity of the plasma
all decreased. These results demonstrate the ability to
modify the oblate FRC shape in a controlled manner
through the use of equilibrium field shaping.

�6� The linear stability for n�2 co-interchange modes was
studies using both the HYM code and a simple model for
the local mode growth rate. These calculations predicted
that the configurations at large mirror ratio should be
more stable to local modes, in agreement with measure-
ments. Nonlinear simulations using HYM code have
shown that outward growth of radial displacement �due
to radially polarized instabilities with n�1� is limited in
the nonlinear regime due to compression of magnetic
field between the plasma boundary and SF coils, consis-
tent with experimental findings.
There are many outstanding issues that must be ad-

dressed in order to further understand the fusion relevance of
these oblate FRC configurations. These include, but are not
limited to, plasma sustainment techniques and stability stud-
ies for longer plasma lifetimes.

The most critical issue for the present line of research is
probably the sustainment of the configuration for much
longer than the current diffusion and particle and energy con-
finement times. Both an ohmic solenoid and neutral beam
injection �NBI�93 are possible means of sustaining the oblate
FRC plasma. Successful sustainment of both FRC94 and
spheromak95 plasmas with an ohmic solenoid has been dem-
onstrated in previous experiments. Successful neutral beam
injection into an FRC has been demonstrated in the FIX
device, where an improvement in plasma confinement was
observed with NBI.96,97 These two sustainment methods,
NBI and ohmic drive, are utilized in the proposed SPIRIT
concept.98,99 Note that repetitive spheromak merging has also
been suggested as a means of oblate FRC sustainment,35 as

has the thermoelectric effect.100 In prolate FRC research, the
topic of a rotating magnetic field �RMF� current drive has
been studied, with promising results90 for FRC startup and
sustainment.

Also of critical importance is the elimination of MHD
instability for the duration of the sustained period. The neu-
tral beam in the SPIRIT concept serves this important role in
the oblate case: stabilization of n�2 co-interchange
modes.20 Experiments reported in this paper have demon-
strated the reduction of n=2 and 3 axially polarized modes
through highly oblate shaping of the plasma. It would be
desirable to have a more spherical plasma shape �E
�0.6–1�, a configuration that is predicted �Ref. 16� and
measured �this paper� to be unstable to n�2 axially polar-
ized co-interchange modes. Recent numerical simulations
have indicated that the presence of a nonthermal beam dis-
tribution can stabilize the n�2 co-interchange modes. In-
deed, FRC configurations stable to all macroscopic modes
have been found when a sustained plasma �ohmically or oth-
erwise� is stabilized with a high-energy particle beam.16 The
present research provides a first step toward these promising
configurations. For the prolate case, note that the active sta-
bilization of the n=2 rotational mode was achieved using
RMF54 or multipole fields.52,53

In summary, we have studied the stability properties of
oblate FRCs formed by spheromak merging. These studies
were performed with different external field shapes, and both
with and without a stabilizing center conductor. The results
show the plasma to be unstable to n=1 tilt/shift modes when
the center conductor is absent. The presence of the center
conductor and/or oblate shaping leads to the elimination of
the n=1 tilt, while the n=1 shift is stabilized by the center
conductor. These steps are not sufficient to form a long-lived
FRC, because n�2 modes quickly grow, terminating the
plasma. These co-interchange modes can be largely sup-
pressed by forming very oblate plasmas, which are measured

FIG. 18. Algorithm of the MRXFIT code.
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to have the minimal n=2 and 3 activity and the longest life-
time. The equilibria of these plasmas have been calculated by
finding a solution to the Grad-Shafranov equation con-
strained by the available magnetics data. The equilibrium
calculations clearly indicate that the plasma becomes more
oblate as the external field mirror ratio is increased, and dem-
onstrate control of the FRC boundary. A rigid-body model
has shown that these very oblate plasmas are in the MHD
tilt-stable regime. Calculations of the MHD linear growth
rate with the HYM code that the oblate plasmas have im-
proved stability with respect to both radially and axially po-
larized co-interchange instabilities. These results indicate
how detailed control of the plasma shape, in addition to pas-
sive stabilization, can improve the stability of the oblate FRC
plasma.
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APPENDIX A: DETAILS OF THE EQUILIBRIUM
FITTING PROCEDURE

This appendix presents some details of the equilibrium
fitting techniques utilized in the MRXFIT code.

The structure of the MRXFIT code is illustrated in Fig. 18.
The fitting process begins with fitting the available magnetic
data to the analytic Grad-Shafranov �G-S� solution by
Zheng.89 This solution provides a good initial guess to the
poloidal flux distribution and the profiles p�	� and

F�	�F��	�. These profiles are mapped to the model profiles

p��	� = �
i=1

Np

Ai	
��i, �A1a�

FF��	� = C	��, �A1b�

where Ai, C, �i, and � are free parameters to be adjusted, Np

is the number of terms in the pressure profile �typically Np

=1 or 2�, and 	� is defined as

	� =
	 − 	sep

	axis − 	sep
. �A2�

The G-S equation is then solved for these parameters, using
an iterative technique described in Ref. 75 and illustrated in
Fig. 18. The solution to the G-S equation provides a distri-
bution of plasma current, which, in combination with the coil
currents, is used to calculation the magnetic field. This mag-
netic field is compared to the measured field, and the value
of �2 is calculated as

�2 = �
k

�Bk,pred − Bk,meas�2

�k
2 . �A3�

Here, Bk,pred is the prediction for the kth magnetic signal
based on the G-S solution, Bk,meas is the measured kth signal,
and �k is the uncertainty in the kth measurement. The fit
parameters are then repeatedly varied, with the goal of mini-
mizing the value of �2. This minimization process is con-

FIG. 19. Measured and predicted magnetic fields: �a� BZ and �b� BR for one
of the coil triplets of the 90-channel probe. The measured magnetic field is
shown in the black line, the prediction with only the PF windings is draws
with a dot-dashed line �---�, and the prediction with the PF windings and
flux conserver is shown with a dashed line �---�, The prediction using the
flux conserving vessel accurately matches the measurement.

FIG. 20. �Color online� Reconstruction of an FRC in MRX, for a case with
a mirror ratio of 2.9. The reconstructed poloidal flux contours are illustrated
in �a� and the pressure profile is plotted in �b�. The measured and fit mid-
plane magnetic profiles are illustrated in �c�.
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trolled with the MATLAB fminsearch function, which uses a
Nelder-Mead simplex method.

One complication in the free-boundary algorithm is the
determination of the separatrix at each iteration of the G-S
solution algorithm. In the present code, contours of constant
poloidal flux are found with the MATLAB contourc function.
The separatrix is determined as the contour with maximum
flux which surrounds the magnetic axis, does not link the
shaping-field coils, and does not cross the center column if it
is present �note that the poloidal flux at the field null is
negative in the MRX convention�. Hence, it is possible for
the equilibria to be center-column limited, shaping coil lim-
ited, or to have a separatrix not limited by any physical struc-
ture. The latter happens for low mirror ratio without the cen-
ter column, or for large mirror ratio where a pair of X-points
form near the shaping coils. No plasma pressure or currents
are allowed outside the plasma boundary.

The fast time scale of the discharge presents a challenge
for the calculation of the magnetic field in the equilibrium
modeling. As noted in Sec. III, the equilibrium field is pro-
vided by a superposition of the steady state EF coils outside
the vacuum vessel and the fast shaping-field coils and poloi-
dal field windings of the flux cores. The steady state field of
the EF coils is able to penetrate the vacuum vessel long
before the plasma starts. On the other hand, the flux from the
internal coils is not able to penetrate the vacuum vessel,
which thus acts as a perfect flux conserver. We utilize the
external poloidal flux loops to monitor the flux leaking
through the vacuum vessel, and measure that at most 2% of
the poloidal flux from the PF windings leaks through the
vacuum vessel on the discharge time scale.

In order to account for the flux-conserving nature of the
vacuum vessel, we have utilized flux-conserving Green’s
tables. These Green’s tables precompute the field on the
computational grid, with the vacuum vessel treated as a per-
fect flux-conserver, as detailed in Ref. 75. Separate tables are
constructed for the currents in the PF windings, SF coils, EF
coils, and plasma currents on the computational grid itself. In
addition, diagnostic Green’s tables have been computed
which quickly map the different coil and plasma currents to
the fields at the magnetic diagnostics.

An example of these diagnostic Green’s table usage is
illustrated in Fig. 19. Only the PF windings are fired in this

discharge; no plasma is present. The measured BZ and BR

fields at one location of the 90-channel probe are illustrated,
as well as two calculations for each measurement. The field
calculated without including the effects of the vacuum vessel
�“PF Winding Only”� clearly overestimates the actual mag-
netic field, while the field calculated with the flux-conserving
vessel is much more accurate in predicting the measurement.
The BZ field is more strongly impacted by the vacuum vessel
currents than BR, because the vacuum vessel acts in essence
as a large solenoid canceling part of the BZ from the fast
internal coils. Note that these flux-conserving calculations
are utilized in computing the external field shape and mirror
ratio for all cases described in this paper.

There are two distinct magnetic probe arrays which can
provide magnetic constraints on these equilibrium calcula-
tions: the 90-channel probe array and the toroidally distrib-
uted probe array �N-probes�. The data from the 90-channel
probe array suffer from its nonaxisymmetric nature: it only
contains information about a single toroidal angle. The data
from Sec. IV indicate that even in the best cases, substantial
nonaxisymmetries exist in MRX, making it questionable to
constrain the fits by data from a single toroidal angle. On the
other hand, the n=0 components of BZ and BT from the
toroidally distributed probe array are by definition axisym-
metric, and provide strong constraints on the equilibrium.
Hence, only the information from the toroidally distributed
array is typically used to constrain the equilibrium. The n
=0 component of BR is zero for these up-down symmetric
equilibria. The poloidal flux loops on the vacuum vessel are
not useful as a constraint because a flux-conserving vessel
model is used.

The final result of the these calculations are the poloidal
flux in the R -Z plane and the profiles p�	� and FF��	�. All
other useful quantities can be derived from this information.
An example reconstruction is shown in Figs. 20�a�–�c�. The
equilibria in Fig. 20�a� are for a discharge without a center
conductor; a pair of X-points forming near the shaping coils
determines the separatrix in this case. This discharge has a
maximum pressure of �650 Pa �assuming that the pressure
at the plasma boundary is zero�. This is approximately con-
sistent with the single point kinetic pressure of 600 Pa. This
equilibrium has a plasma boundary elongation of 0.41 and an
aspect ratio of 1.3. The total current is 27 kA, leading to a
trapped flux of 7.1 mWb. The midplane profiles of BZ and BT

are illustrated in Fig. 20�c�. The is a small residual Bt

present, but q�0.05 at all radii, where the safety factor is
defined as q=d� /d	 with � the toroidal flux.49

APPENDIX B: LOCAL MODE STABILITY ANALYSIS

We estimate the stability to high-n co-interchange modes
�n→��, based on the local mode formulation in Ishida et
al.29 They noted that the approximate growth rate of local
modes could be calculated from the variational principle

�2 =
�W

T
. �B1�

For a pure displacement �Eq. �3� of Ref. 24�, the kinetic
energy is bounded by the quantity

FIG. 21. The growth rate of “local modes,” as a function of mirror ratio,
based on Eq. �B4�. The growth rate is reduced as the plasma shape becomes
more oblate.
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�W = −
1

2

�

�	
� dl�RB2, �B2�

where �=−	̂ · �b̂ ·��b̂ is the normal curvature vector.24 The
inertia term �T� is calculated by inserting the pure displace-
ment into the form for the inertial term �Eq. �6� of Ref. 28�,
and taking the large toroidal mode number limit. The result-
ing inertial term is given by

T = 2�� dl

B
. �B3�

Inserting �B2� and �B3� into �B1� yields an expression for the
local mode growth rate �:

�2 =

−
1

2

�

�	
� dl�RB2

2�� dl

B

. �B4�

This formulation has been shown to provide a reasonably
approximate means of estimating the growth rate of the most
unstable local mode in prolate FRCs.29 Note that these local
modes are not necessarily expected to lead to the violent
termination of the plasma; they may result instead in en-
hanced transport and a resulting fast decay of the configura-
tion.

The data in Fig. 21 illustrate the local mode growth rate
from Eq. �B4�. There is a clear reduction in the growth rate
as the mirror ratio is increased �more oblate shape�, although
the effect appears to saturate at large mirror ratio. The
growth rates from the HYM calculations �Fig. 18� are similar
to these predictions, though two caveats should be remem-
bered in making this comparison: �i� the “pure displacement”
is not the true eigenfunction of the most unstable mode, un-
like HYM, which calculates the growth rate of the most un-
stable mode, and �ii� the HYM calculations in Fig. 18 are for
modes with n�4, whose MHD growth rates will be less than
the n→� limit. Nevertheless, within its domain of applica-
bility, the simple model predicts the reduction in the co-
interchange growth rate for more oblate plasmas.
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